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The above equation can be interpreted as the HJI equation for 
a discounted Markovian decision problem. The solution of this 
discounted Markov decision process may be obtained by either 
successive approximation or policy improvement techniques; see [5]  
and [ 181 for related discussions. 

(z. n .  n )  converges to 
( , ( , r .  ( I .  n )  as the step size 1.r) and l / i t  go to zero. For simplicity, 
we only consider the case that l . r ,  = 1 u ,  = l for j = 1.2. .  . . I‘ 
and i = 1 . 2 . .  . . . .\I. A detailed proof can be found in [ l l ] .  

Theorem 3 (Convergence of the Approximation Scheme): Assume 
there exists a constant C‘ such that 

In the next theorem, we show that 

o 5 ? ( . l ~ . ( ~ . ~ l )  5 c(i+ l . l q A - g  + 1 4 ~ 4 ) .  

Then 

liiii ( x .  c l .  o ) = r (  .r. a .  (1 1. ( 6 )  
A--0 

V. CONCLUSION 

In this paper, we dealt with robust production and maintenance 
planning of stochastic manufacturing systems. We proved that the 
value function is the unique viscosity solution of the associated HJI 
equations, obtained a verification theorem that provides a sufficient 
condition for optimal control policies, acd developed a numerical 
method for solving the HJI equations. The solution of the numerical 
procedure was shown to converge to the value function as the step 
size goes to zero. 

The model considered in this paper is relatively simple. It is 
possible to extend the results to more general models such as 
flowshops or even jobshops (see (191 and the references therein). 

It should be noted that the numerical scheme given in this paper 
can be used to effectively deal with small or medium sized problems. 
For large system problems with large dimensional state space, one has 
to resort to other approximation methods. One of such approximation 
methods is that of hierarchical decomposition approach. The idea of 
this approach is to reduce the large complex problem into manageable 
approximate problems or subproblems, to solve these subproblems, 
and to construct a solution of the original problem from the solutions 
of these simpler problems. See [ 191 for more details on this approach. 
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TV-Stability and Local Input-Output Stability Results 

H. Bourles and F. Colledani 

Absfrucf-A new type of input-output stability is defined, based on 
the use of a Sobolev space IT-; 11. is well suited, like the Lebesgue 
space L L ,  to obtain stability characterizations in the time and frequency 
domains. Moreover, if compared with L J .  TI- has additional properties 
which enable us to establish ‘‘local’’ stability results. A local version 
of the small gain theorem is established in this framework, as well 
as some consequences of this result, in particular local versions of the 
passivity theorem and of the circle criterion. The relationship between 
“II--stability” and asymptotic stability is studied. 

I. INTRODUCTION 
It is well known that two different types of stability can be 

considered for a system [17]. The first one is the “internal stability” 
(e.g., asymptotic stability); the input of the system is then assumed to 
be zero, and, roughly speaking, one looks if the system state tends to 
zero from a nonzero initial value; the basic tool to analyze this type 
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of stability is the use of Lyapunov functions. This approach is well 
suited to obtain global or local stability results: the internal stability 
is global when (roughly speaking again) the state tends to zero from 
any initial value and is local when this occurs for “sufficiently small” 
initial values of the state. 

The second main type of stability is the “input-output stability.” In 
this framework, the initial value of the state is assumed to be zero, so 
that the system output is a function of the input,’ and one looks if the 
output belongs to a specific function space (e.g., a Lebesgue space L,. 
1 5 p 5 a) when the input belongs to the same space; moreover, 
one looks if the norm of the output (in this function space) is smaller 
than some constant multiplied by the norm of the input. The greatest 
lower bound of the constants satisfying this property is called the gain 
of the system. The case p = 2 is particularly interesting, because the 
Lz-gain of any linear time-invariant (LTI) system is the H,-norm of 
its transfer matrix (where H, denotes the well-known Hardy space 
[7]); moreover, as the Fourier transform is an isomorphism of L z ,  
this space is well suited to lead to stability characterizations in the 
time domain as well as in the frequency domain. This approach was 
limited by the fact that only global stability results are available in 
the literature; the very aim of this paper is to establish local results in 
a (more or less) equivalent framework. Note that the internal stability 
and the input-output one are closely related in the case of reachable 
and uniformly observable systems [17], [8], [18]. 

A new input-output approach, leading to global as well as local 
stability results, has recently been developed; this is the so-called 
“input-to-state stability” [9], [l 11, [14], [15]. In this framework 
(though it seems promising), characterizations of the stability in the 
frequency domain cannot be obtained, because the function space 
which is considered is L,. Moreover, as L ,  is not an inner product 
space, notions such as passivity cannot be defined in this context. 

The function space used in this paper is the set of functions s 
such that c and its derivative belong to L z .  This is the well-known 
Sobolev space WI ,L [16]. This space is interesting for several reasons: 
on the one hand, it will be proved that all nice properties of Lz are 
still satisfied by this space; in particular, the gain of any LTI system 
remains the H,-norm of its transfer matrix. On the other hand, if a 
function x belongs to WI 2 and is smooth enough (more precisely, if 
it is absolutely continuous [lo], [l]), then s belongs to L,, and its 
norm in this latter space is upper bounded by its norm in Wl if the 
initial value of T is zero. This is the key property which will enable 
us to obtain simple conditions for nonlinear input-output operators 
to be “locally stable” (in a sense precised below). 

The paper is organized as follows: in Section 11, various signal 
spaces are defined and their relations are clarified. In Section 111, 
“local R7-stability” is defined and then studied in various cases of 
systems. The notion of “local W-gain” of a system G is defined and 
is denoted as rwl(G). The relationship between W-stability and 
asymptotic stability is studied in Section IV. In Section V, a local 
version of the small gain theorem is established. It is proved that if 
systems GI and Gz in Fig. 1 are locally W-stable and if Ywl(G1) 
Y L V I ( G ~ )  < 1, then the closed-loop system in Fig. I is locally If’- 
stable. In Section VI, as consequences of this theorem, local versions 
of the passivity theorem and of the circle criterion are obtained. A 
preliminary version has already been published [3]. 

n. SIGNAL SPACES AND THEIR RELATIONS 

The n o m  of any vector < in R“ or C” is denoted as []<I]. 
Lg denotes the usual Lebesgue space of functions x: R+ + R”, 
which are Lebesgue-measurable and square-integrable; (2. y ) ~  de- 

’ In what follows, this function is called the input-output operator associated 
to the system. 

I 

I I 

Fig. 1. Standard closed-loop system. 

notes the inner product of two functions x and y in Lg, and we set 
I(z112 = [(x, x ) ~ ] ~ / ~ .  For any function x :  R+ ---t R”, XT denotes the 
truncation of z to the interval [O. TI [17], i.e., the function such that 
s ~ ( t )  = z ( t )  if t 5 T, and Z T ( ~ )  = 0 if t > T; Lye denotes the 
“extended L,”-space,” i.e., the space of functions s such that for any 
T in W+, XT belongs to L,”. For any functions x and y belonging 
to L;,, we set ( Z . Y ) L , T  = ( x r , w ) z  and llxllz T = Ilm- l lz .  In 
the same manner, L L  denotes the space of functions x :  R+ -+ R”, 
which are Lebesgue-measurable and essentially bounded; the norm 
in this space is defined as IIxll, = ess.sup{llz(t))l;t E R’}. The 
“extended Lk-space,” Lk,, is the space of functions x such that for 
any T in R+. ZT belongs to L k ,  and JJxJJco ,~  denotes the quantity 
IIITII-. 

WFz denotes the Sobolev space of functions x:R+ -+ A“ 
such that x and its distributional-derivative i belong to L;. The 
inner product of two functions x and y in WF2 is defined as 
(2, y)pv = (I, IJ)~ + (i, y ) p  and the norm of x in WF2 is defined by 
11sllw = [ ( . E . T ) V V ] ~ / ~ .  Obviously, W;, is included in L;, and for 
any function x in WT2 one has )1x)12 5 IJsIJw. Now, -4C” denotes 
the set of functions s: R+ 4 W” which are absolutely continuous. 
By Lebesgue’s theorem [IO], if T belongs to AC“, then I is almost 
everywhere differentiable (in the usual sense), and its derivative i is 
integrable on any bounded interval [a. b ]  included in R’; moreover, 
one has sab S(T)CET = z(b)  - .(a). The following facts are well 
known [I]: AC” is a vector space; if s and y belong to AC“, then 
the function t -+ ~ ( t ) ~ y ( t )  belongs to AC’. Let be a function 
@: R -+ R”’, where 0 denotes some open subset of R”; if @ is 
Lipschitz-continuous and if x belongs to -4C” and takes its values in 
R, then the function t + @ ( r ( t ) )  belongs to AC“. 

Definition 1: W“ is the space of functions x belonging to I$;”, n 
AC”’ and such that r ( 0 )  = 0; W c  is the space of functions T 

belonging to AC“. and such that s(0) = 0 and for any finite T > 0, 
17 and ( i ) ~  belong to L;. For any functions z and y belonging 
to W:. we set ( x . y ) w ~  = ( s . y ) ~  T +(i. i ) ~  T and llxllwr = 

Note that ZT is not absolutely continuous, so that I I . c T ~ I I . c  cannot 
be defined. Obviously, ((.((w is anorm on W”, whereas ( ( I . ( J M ; T ) T ~ ~  
is a family of seminorms on W,“ . (These spaces can be replaced by 
their completions and then become, respectively, a Hilbert space and 
a Frkchet space [16].) 

Proposition 1: Let s E R’F; then for any finite T > 0 the 
following inequality holds 

[(s. x )I.!, T I 1 / ?  

R’“ is included in L k ;  for any .z E W”. one has 11.111, 5 llsllw 
and x ( t )  tends to zero as t tends to cc. 

Proof: The function T ---t 1 1 x ( ~ ) 1 1 ~  belongs to AC1, hence one 
has for any finite t > 0 : 2 ( ~ , i ) ~  = lix(t)l12 - l l ~ ( O ) ( ( ~  = Ilx(t)l lz .  
Let T 2 t: by Schwarz’s inequality, l l ~ ( t ) 1 1 ~  5 2 ) I z J 1 2 , t l l i [ 1 2 , t  5 
(Ilzllw,t)* 5 ( l l z l l w ~ ) ~ .  Moreover, i f s  E W“, then x(t) tends to 
zero as t tends to CO ([19, Lemma 3.2]), hence x E L&. Therefore, 

0 the proposition is proved by taking T tending to w in (1). 
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For every ( I  E L;, , set K1 II = y, with y ( t )  = ~ - ( ' - ~ ) i /  ( T ) ~ T  

(so that K1 is the causal LTI operator with transfer matrix I<I ( s )  = 
( 1 + s )  I I,, , where I,, denotes the identity matrix of dimension ti). 

The following result gives a useful characterization of signals in TI-". 
Proposition 2: K1 is one-to-one from LT, onto I,-,'' and K,' 

is the operator y + y + i;2 for any finite T > 0 .  Ilyllrt..r 5 
IIu112,~:y = Klu belongs to It-,, if and only if (iff) /I E L; .  and 
then I l u l l t t  = Il!i112. 

Proof: Let y = K1 U ,  where II E LTc (respectively, L y ) .  First, 
note that y E L.yf (respectively, LT) [16, Chap. 261. Obviously, 
y(0) = 0. y E .IC"', and y + .U = / I ,  hence ,Q E L;, (respectively, 
L y ) .  Therefore, y E ll-c'' (respectively, It-") and K,' is given by 
the formula above. Note that K1-l.y E L& (respectively, L ; )  for 
every y E U-," (respectively, IT-"). For any II E L.;, , it is easy to 
verify that ( 1 1 4 1 2 . ~  )' = ( I l i l l z . ~ ) ~  + (llyl12.rj2 + l l .~(T) I l~ ,  hence 
~ ~ y ~ ~ r ~ ~  5 11i1(12., . If U E L ; ,  then y(T) 4 0 as T + x because 
y E T I - " ,  thus lJ .yJI i i  = l / t / l l 2 .  0 

The notion of lT--gain can be defined as usually [6]: let be 
G: 117," 4 It-,'", and I< = { k  > 0 : ~ ~ G ~ ~ ~ ~ ~ ~ - , ~ ~  5 k l l u l l ~ t . . ~ .  Vir E 
IT-<". VT > U } .  If li is nonempty, then G is said to be If'-stable 
(lT--s), and -)it.(G) = iIif(1i) is called the Il--gain of G (note that, 
according to the terminology used in [6] ,  this is the definition of the 
It--gain with zero bias); if Ii is empty, we set -,lt.(G) = x. 

([-It-+) and -,\I,/ ( G )  = inf (I</ ) is called the local-It--gain (l-H--,q) 
of G. If Iil is empty, we set - ,~I . I (G)  = x.j 

Remark 2: This definition of the "local gain" is close, but not 
identical to the definition of the "small-signal-gain'' in [ 171. The latter 
definition corresponds to the case where the inequality I I I I I I I ~ . . T  < 5 
above is replaced by I l u ( l x . r  < :. By Proposition 1, any small- 
signal-TI--stable system is l - T I - - s .  Obviously, if G is linear, then G 
is l-l17-s iff G is It--.s, and -;~r,l(G) = -'i?-(G). 

First, let us consider the case of a nonlinear memoryless operator 
G,  defined as 

(Gtr)( t )  = @ ( f .  r r ( t ) )  Vf 2 0 (4) 

where G: R+ x !! 4 R"' (I! denoting some open neighborhood of 
zero in R")  is a function satisfying a(t.0) = 0. Vt ,  and where 
(1 is any function in I!-<", taking its values in R. Let d l  and a,,, 
respectively, denote the partial derivative with respect to t and u .  
The following notion will be useful. 

Definition 3: Let U *  E R: G is said to be differentiable with 
respect to (1 at point U *  uniformly with respect to t .  if there exists 
a function 11: !! + R+ such that I / (  U *  + h ) tends to zero as I /  tends 
zero and that Vt 2 0 

All operators considered in this paper are assumed to be causal, 
hence one has [19] Il@(t. / I *  + I / )  - @ ( f .  r r ' )  - a,,9it .  / r * ) I ! l l  = f / ( U *  + h)111!11. (5) 

q ; ~ t ( G ) =  SUI> -. I I G I I I 1  (2)  Lemma 1: Assume that 9 is differentiable with respect to I I  at 
point ( I *  = 0 uniformly with respect to t and is locally Lipschitz- 
continuous at point zero, with Lipschitz constant k ~ :  obviously 

U E l l  "-{(I} I l ~ l I I t .  

Let be G: ll-c" + IT-("'; by Proposition 2, one has the following 
result, where -'z denotes the L2-gain. 

-;ii ( G )  = :.(K,'GKI). 
S u p ? ? ( a , , @ ( f . o ) )  < ka' (6)  Proposition 3: G is ITLstable iff KF'GK1 is L2-stable, and t > o  

(where i? denotes the maximum singular value). 

of Lemma 1 and the following condition 

Remark 1: In particular, assume that G is a LTI operator with 
transfer matrix G ;  as G and K1 commute, G is TT--stable iff it is 
L.r-stable, and one has - { ~ t  ( G j  = -,z(G) = ((G(1, (note that with 
respect to transfer matrices, 1 1 .  113;1 denotes the norm in H,, whereas 

Proposition 4: Assume that @ is C' and satisfies the assumptions 

with respect to time domain signals, this symbol denotes the norm 

in L,)  11111 5111) = I < x .  (7) 
S~IPC>O Il&Wt. ~ ~ ) l l  

For any operator G: I,,"( --t I T  ('", one has by Proposition 2 1,  -[I 1 1 1 ~ 1 1  

( 3 )  

(this quantity being finite iff KF 'G is L2-stable). In particular, for 
T > 0, let K, be the LTI operator with transfer matrix Ii,(s) = 
(1  + T S J - I I , , .  Obviously, KF'K, is L2-stable, so that for any 
function ( I  E L;' . K, U E IT-". Hence, TI-" (respectively, TI;") is the 
space of functions in L;' (respectively, L& ) filtered by first order low- 
pass filters. By Proposition 3, one has inin( T. 7 - '  j-lr(K,'GK,) < 
;br.(Gj < Iiiax(T. T- ' ) -~~(K; 'GK,) .  The following result is a 
consequence of ( 3 )  and Proposition 1 and can be of practical interest. 

Corollaty 1: Assume that G: L.:, - l T - c f "  is such that K1-'G 
is Lr-stable, and set = Gu: then, y belongs to LG if 11 belongs 
to L,". and ll!/ll, 5 -,2(K1-'Gjll//l12. 

111. LOCAL Ii--STABILITY 

Definition 2: Let be G: IT-," + It-,"' and I</ = { k > 0 . 3 :  > 0 : 
((Gic/(r\ 1 < k ~ ~ u ~ ~ i ~ . i  whenever I /  E Tt7<'' and T > 0 are such that 
11//111r- 1 < E}. If I</ is nonempty, G is said to be locally-Tl--stable 

Then, G is I-IT--.$ and 

Proof: Let y = Gu, so that for all t 2 0. y ( f )  = a( / .  u ( f ) )  and 
i ( t )  = D t @ ( t .  U ( / ) )  + D , @ ( t .  u( / ) j t ; ( f ) ,  By Definition 3, one has 

t?(i?,@(t.o)) lirn . sup, 
(note that o is finite by Lemma 1). Hence, for any-6 > 0 and any 
T > 0, there exists : > 0 such that for all t E [O.T]. Ilu(t)ll < 
i 3 ( l u ( f ) / (  I ( I ' ( ( u ( f ) ( (  and I l i ( t ) l l  I , I ' l lu ( f ) l l  + c ~ ' l l k ( f j l l ,  where 
(1' = ( I  + 6 and b' = J + b ,  Therefore, l l y ( t ) / I 2  + ~ ~ . Q ( t ) ~ ~ '  5 
i o ' +  ~') ' ( l l / i ( t ) l l r+I l i / ( t j~l ' j .Hence,  theresult isproved by using 

0 
Example I :  In the case / I  = r t t  = 1, assume that 9(t .  U )  = C O S  d t  

( ( , "  - 1). - 2 0; then -,'I ( ( G )  5 2 + 1. 
Now, let us consider the case of an operator G associated to a 

nonlinear time-invariant system Z: described by state-space equations 
.i. = f ( . r .  U ) .  g = g ( . r .  U )  (see footnote I) ,  where f and .r/ are C' in 

'L l l ) ,  ," l l * ( '  . t i  1 I 1  < (>, where (1 = 
111111 - 

Proposition 1 and by taking b tending to zero. 

'Note that -.11 [ ( G  = i i i fL->o s i i p , , < ~ ~ , , ~ ~ ~ ~ . ~ ~  lli,i;,!;:'. because G is 
i a  a seminorm. whereas -,it. I S  a norm: both of 'As IJ E 11-,". the derivative Q is defined almost everywhere in the usual causal. Obviously, -, 11 

them are aubniultiplicati\e. (ense. Note that K1-I i?  causal. 
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a neighborhood of (0,O) and satisfy f ( 0 , O )  = 0, g(0,O) = 0. Set 
& f ( O , O )  = A, &f(0,0) = B,&g(O,O)  = C, &g(O,O) = D ,  
and let G ( s )  be the transfer matrix of the linear approximation C I  
of C around (0,O). 

Theorem 1: Assume that (C, A) is detectable, (A, B) is stabiliz- 
able and G E H,. Then, C is 1-W-s and ywl(C) = (IG11,! 

Proof: As G E H,, C I  is W-s by Remark 1. Hence, zero is an 
exponentially stable equilibrium for C I  (because (C, A) is detectable 
and (A, B) is stabilizable). As a result, by Lyapunov's theorem, 
zero is exponentially stable for .Z and for the system CO with input 
U and output z and defined by x = f(z,  U). Therefore, there exist 
E > 0 and y > 0 such that (Iu((w < E * ( (z((w I y(lu((w. 
The equation of CO can be written j: = Az + Bu + U, where 
c = f ( z , u )  - Az - Bu. Therefore, z = z1 + X Z ,  where z1 and 
x n  are the outputs of the systems C1 and C Z ,  respectively, defined 
by 51 = Azl + Bu and = Az2 + Bv. Now, consider the 
operator P defined by P ( z , u )  = f ( z , u )  - Ax - Bu, and set 
z = ( z ,u ) ,  so that v = P z .  By Proposition 4, ywl(P) = 0. 
Hence, for every 17 > 0, there exists 6 > 0 such that JJ-zJJw < 
6 * 1 1 ~ 1 1 ~  I 1711zllw I .r1(11zIlw + Ilullw). Take IIulIw < E ;  then 
( (v( (w I ~ ( 1  + y ) ( ( ~ ( ( w ,  hence for every y' > ywl(C1) one has 

can be taken arbitrarily small, this proves that ywl(C0) I ywl (C~) .  
By a similar rationale, one obtains ywl(C0) = ywl(C1). Now, 
consider the system C3 with input u and output y, and defined by 
j. = f ( z , u ) , y  = C z + D u .  ByProposition4, ywl(C3) = ywl(C), 
and the equality ywl(Co) = ywl(C1) implies YWI(C3) = ywl(Ci). 

U 

Il.Cnllw I ?I(1+Y)Y'lI~llW and IIzIIw I [~+rl( l+Y)lY' l l~l lw.  As 17 

IV. RELATIONSHIP BETWEEN W-STABILITY 
AND ASYMP~OTIC STABILITY 

A. Time-Varying Case 

space equations 
Proposition 5: Consider the system E, described by the state- 

x ( t )  E R".u(t) E R " , y ( t )  E RP. where f and g are C' and are 
locally Lipschitz-continuous at z* = 0, where z = [zTuTIT,  and 
f ( t , O , O )  = 0 and g( t ,O .O)  = 0. Vt .  In addition, assume that g is 
differentiable with respect to z at point zero, uniformly with respect 
to t ,  and that 

Then, if zero is a locally exponentially stable equilibrium point of 
(9) (with u = O), the operator G associated to C is 1-W-s. 

Proof: By Theorem 15 in 117, Section 6.31, the operator U -+ x 
is small-signal-ln-stable, hence there exist k > 0 and E > 0 such 
that Vu E W,", V T  > 0, IIullm.~ < E * IIzl lz,~ I: k l lu l l z ,~ .  This 
implies that 1 1 ~ 1 1 2 , ~  5 ~ J J u J ( w , T .  Let k f  and k,,  respectively, denote 
the Lipschitz constants o f f  and g. If E is small enough, then for any 
t E [O, TI, one has Il.i(t)ll I kf(llx(t)ll+ I lu(t)l l) (see the proof of 
the cited theorem); therefore, llj:(t)112 I 2k;(llz(t) l12 + llu(t)112). 
Hence, ( l l . i l 1 2 , ~ ) ~  5 2 ~ ~ [ ( l l z l l z , ~ ) ~  + ( 1 1 ~ 1 1 2 , ~ ) ' l  I 2k;(k2 + 
1)(llullz,T)2. Finally, ( 1 1 z 1 1 2 , ~ ) ~  + ( l l i 1 1 ~ , ~ ) ~  I [ I C 2  + 2k;(kz + 
1 ) l ( l I ~ I I z r ) ~ .  so that I I ~ I I w  T 5 [k2 + 2 k ; ( k 2  + ~ ) ] l ' n l ~ u ~ ~ ~ , ~ .  AS 
a result, by Proposition 1, the operator U -+ x is 1-W-s. Proposition 
5 is now a consequence of Proposition 4. 0 

This result is very similar to the theorem cited above; the main 
difference (apart from the fact that W-stability, instead of L,- 
stability is obtained) is condition (11). For instance, in the case 
of a linear output equation y = C ( t ) z ,  this condition reduces to 
s u P , > o m t ) )  < 03. 

B. Ifme-Invariant Case 
We now assume that C is time-invariant, i.e., f ( t ,  z, U )  = f(z, U ) ,  

g ( t ,  z, U )  = g(z, U ) ,  where f and g are C1 in a neighborhood of 
(0,O) and satisfy f (0 ,O)  = 0, g(0,O) = 0. Let us denote as 9 ( t ,  
to,  zo, U )  the state z ( t )  satisfying the initial condition z(t0) = 20.  

Dejnition 4: C is locally W-reachable if there exist a function 
of class K [17] and a neighborhood U of zero in R" such that for 
any z in U, there exists a finite time T and a control U E W" such 
that @ ( ~ , 0 , 0 ,  U )  = z , u ( t )  = 0 for t 2 T and IIullw 2 f l ( ~ ~ x ~ ~ ) .  If 
U = R", C is said to be globally W-reachable. 

W-reachability is a natural generalization of controllability in 
the case of linear systems possibly fed back by a time-invariant 
memoryless nonlinearity (see Proposition 6 and Remark 3 below). 

Proposition 6: Assume that C is linear, i.e. f(z,  U )  = Az +Bu, 
g(z, U )  = Cz + Du. Then, (A, B) is controllable iff z' is globally 
W -reachable. 

Proofi 1) Obviously, if (A, B) is not controllable, then IS ' not 
W-reachable. 2) Conversely, assume that (A, B) is controllable. Set 
ti = v and X = [zTuTIT;  X and U obey to the state-space equation 
.% = FX+Gu, where the meanings of F and G are obvious. Clearly, 
(F ,  G) is controllable. Let 4 (t, t o ,  X O  , U )  be the state X (t) satisfying 
the initial condition X ( t 0 )  = X O ,  and let V be the linear space of 
functions U :  W+ -+ R" which are continuous and satisfy v ( t )  = 0 for 
t 2 1. The map L:  V -+ RR+m: U -+ d ~ (  1 , O .  0, U )  is linear and epic; 
therefore, it possesses a right inverse M. Now, let Wm ([0,1]) denote 
the linear space of absolutely continuous functions U :  [0,1] + R" 
such that ~ ( 0 )  = 0 and U and i are square-integrable on 10.11; the 
norm of a function u in W"([O, 11) is the quantity IIullw,l defined 
above. Let N: V -+ W" ([0,1]) be the linear map defined by N u  = U 
with u ( t )  = 6 V ( U )  da for t 5 1; N O M  is linear and continuous on 
Hn+m to the normed space Wm([O, l]),' hence it has a finite induced 
norm JIXoMII. Finally, let z be any vector in R", set X = (2. O), and 
define U such that u ( t )  = ( N o i V ) ( X ) ( t )  if t < 1, u ( t )  = 0 if t 2 1; 
then U E W m , 4 ( 1 , 0 , 0 . u )  = 2, llullw = IIuIIw,1 I I l N o M l l l l X l l  
and llXll = 11x11. Hence, C is globally W-reachable. 0 

Remark 3: Consider the feedback system in Fig. 1, where GI is 
the system C of Proposition 6 and where G2 is a time-invariant 
memoryless nonlinearity defined by G2(u)( t )  = @ ( u ( t ) ) ,  where 
@ is Lipschitz-continuous in a neighborhood U of zero in R" and 
satisfies @(O) = 0. Assume that u2 = 0 and consider the system Xf 
with input u1. By a rationale similar to the one above (see also [17, 
Section 6.3, Theorem 46]), it is easy to prove that Xf is W-reachable 
(locally is U is strictly included in R", and globally if U = R") 
if (A, B) is controllable. 

Recall that the nonlinear time-invariant system C is said to 
be locally uniformly observable iff there exist a function a of 
class li and a neighborhood 1.' of zero in W" such that V x  E 
V, Ilg(d(.,O,z.0),0)1(2 2 a(ll.c(l); if V = R", then C is said to 
be globally uniformly observable [18]. For LTI systems, uniform 
observability is equivalent to the standard notion of observabil- 
ity; moreover, the closed-loop system C f  above is globally uni- 
formly observable if (C, 4) is observable ([17, Section 6.3, Theorem 
461). 

4For the sake of simplicity, the system C and the associated operator are 5Recall that every linear map on a finite-dimensional vector space to a 
denoted by the same symbol. possibly infinite-dimensional topological vector space is continuous. 
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The theorem below can be considered as the reciprocal of Propo- 
sition 5 (with additional minimality assumptions on the state-space 
realization). 

Theorem 2: Assume that the nonlinear time-invariant system C 
is locally (respectively, globally) W-reachable, locally (respectively, 
globally) uniformly observable and l-lt'-s (respectively, W-s). Then, 
zero is a locally (respectively, globally) asymptotically stable equi- 
librium for the unforced system. 

Proof: By hypothesis (in the local case) there exist F > 0 and 
7 > 0 such that IIullr~. < E l l y l l ~  5 ?IIullvv. Let h > 0 
and T' > 0 be such that #J(n) < E' 5 E, and let so be a state 
such that llsoll < iniii(6. r ) ,  where r > 0 is such that the ball 
llsll < r is included in r -n  V (where I' and 1- are the neighborhoods 
used in the definitions of local IV-reachability and local uniform 
observability). Then, there exist a time T > 0 and a control U 

satisfying the conditions of Definition 4, i.e., IIuIIcc. I 'J( Il.roII) < E' 

and o(s.0.0.u) = .ro. Therefore, y E W" and ~ ~ y ~ ~ c i ~  I ?Ilullrv I 
-;E'. As T is time-invariant, the time t = T can be considered 
as the initial time (note that S ( T )  = SO). Now, as Y is locally 
uniformly observable, there exists a function Q of class li such 
that Ily - ytl12 2 n(Il,r(t)ll) while Il.r(t)ll < r .  For these values 
o f t  2 T ,  one has llyllcc. 2 l lv l ln L Ily - ytllz 2 o(ll.r(t)ll), hence 
Il.r(t)ll 5 (iP1(qJ:'). Assume that E' has been chosen sufficiently 
small for having a-' (7:') < r ;  then, by contradiction it follows that 
the inequalities above hold for all values of t 2 T (because s( .) is 
continuous). Therefore, zero is Lyapunov-stable. Now, VV-" C L z ,  
hence 1I.y - ,ytll2 + 0 as f -+ x. As a result, zero is attractive, 
because 'I( l l , r ( / ) \ l )  + 0 implies s ( t )  i 0. This proof still holds in 

0 the global case with the appropriate modifications. 

V LOCAL SMALL GAIN THEOREM 

Let us consider the standard closed-loop system in Fig. 1, where 
G 1 :  Ii7 i TI:" and Gz:TI.-c'" + are I-I17-s, set U = 
[ u f  U:] ' .  y = [ y r  y:I7 and e = [e: All signals are 
assumed to be zero at initial time zero. Assume that this closed- 
loop system is well posed [19], 1 e ,  there exist two operators HI and 
Hz. TI- ,"+" '  i I i  such that c = H1u and y = Hzu Let us 
say that this closed-loop system is I - T I  -s iff HI and HZ are I-TI--s 

The following theorem is a local version of the well known Small 
Gain Theorem [20] 

Theorem 3 If l(Gl)-,rr ~ ( G z )  < 1.  then the closed-loop 
system is I - K - 5  

Proof By hypothesis, there exist E, > 0 and ? L  > 0(/ = 1 .2 )  
such that I l e l l l ~ r  I < c, * llyLllrr I I - , l leLIIr i  r ,  with - I  - 2  < 1 
Let = i i i i i i ( - - . ~  = 1.2}, where A, = inax{-. , - : ; 7 2 } .  

/ . J  = 1.2.  I # J For any '1 > 0, let I,, = {T > 0. 3 u  E 
 TI*^"+"' . I I u I I I I .  r < '1 and IIc111r1 r > :I or I le2I I i r  7 2 - 2 )  

Take for '1 any positive real such that 71 < z 1) If T,, is empty, 
then VT > 0.Vu E TI;"+"'. I I ~ l r r  1 < '1 * llelllrc r < - 1  and 
I I ~ ~ I I I L  I < - I  Therefore, V T . ~ ~ y ~ ~ r t  r I - , r l l f t l l ~ r  r ( l  = 1 . 2 )  
One has el = U I  - y~ and e2 = 112 + y ~ ,  hence llelllCt r I 
1 1 ~ ~ 1 1 1 1  r + ?llle,llrc r ,  where 1.1 = 1 or 2 and 1 # J Therefore, 
IIeJIrr I I ( l - ? ~ - , ~ ) P 1 [ I I / l ~ l l c ~  r + > , I I U . , l l r c  11 I A ~ ~ I I u I I ~ ~  r < 
cL. Hence, Ilutllcr I I ? z A L f i I I u I I c t  I ,  so that Ilullrc r I h l l ~ l l r r  r ,  
where 0 = 1nax(-~1A1. - , ~ A J )  2) Now, let us prove by contradiction 
that T,, is empty If not, let t , ,  = m f ( I , , )  First, note that t,, > 0, 
because e ( 0 )  = 0 and e is continuous (by definition of TI;"'"') 
For 0 I T < t,,, the inequalities above hold, hence, IIell l~r r < 
A,&// < -, For T 2 t , , ,  there exists U such that / I u l l r t  r < 11 and 
Ilt I 11rt 1 2 -, or 11e211r1 7 2 - 2 ,  hence, one at least of the functions 
T i IIeJI1.t T ( /  = 1 or 2 )  is discontinuous at time t,,, but this is 

A , 4  

impossible 0 

Remark 4: This theorem is still true (with a similar proof) if 
L,-stability (1 5 p < x) is considered instead of I.t'-stability. 
W-stability is more interesting, however, because Proposition 4 and 
Theorem 1 do not hold in the L,  framework. Consider, for instance, 
the case where one of the operators in the loop is memoryless and 
only locally bounded (in the sense where the associated function @ 
satisfies the assumptions of Proposition 4); a signal s in LZ can take 
very large values, even if ~ l . r ~ l z  is very small, and then nothing can 
be said about the signal t -+ @(t .  . r ( / ) ) ;  hence, local L2-stability 
cannot be established (in an input-output approach). Small-signal- 
Lz-stability can be proved in this case by first proving internal 
stability (via Lyapunov theory) and then using the theorem cited in 
the proof of Proposition 5. But to prove internal stability can be 
difficult, especially when one of the systems in the loop is infinite 
dimensional (see all examples below). 

Example 1 (Continued): Assume that G1 is the LTI operator with 
transfer function k ( T > 0. T > 0) and that G Z  is an operator of 
the form (4), where a(/.  U )  = COSLJ/(P"' - 1). LJ 0. By Theorem 
3 and Proposition 4, the resulting closed-loop system is l-TV-s if 

Theorem 3 gives a sufficient condition for I-TI.--stability; con- 
versely, a necessary condition can also be obtained. 

Corollary 2: Let G 1 : 11.11 + Li':'' be a LTI operator. The closed- 
loop system in Fig. 1 is I-IT--stable for any operator Gz: IT'<''' -+ TI-: 
satisfying -Jrvl(Gz) < 1. iff ? ~ . ( G I )  5 1. 

Proof: By Remark 1, if the latter condition is not satisfied, it is 
possible to find a LTI operator Gz such that the closed-loop system 

Ikl < &. 

is unstable [4]. 0 

VI. LOCAL PASSIVITY AND LOCAL SECTOR CONDITIONS 

A. Local Passivity 
As IT7'' is an inner product space, the notions of It--passivity and 

strict IV--passivity can obviously be defined [19], [6]. Local versions 
of these notions will now be defined. Let be G: IT-: + If-,". 

Dejinition 5: G is locally II--passive if there exists E > 0 such 
that (U. Gu)rr. .~.  2 0 whenever U E It7: and T > 0 are such that 
I I ~ ~ I I I ~ - . I .  < :;h G is locally strictly I17-passive if there exists > 0 
such that G - ,/I is locally TI--passive. 

Assume that ( I  + G ) - ' :  If7: i TI':' is well defined, and set 
H = ( G  - I ) ( I +  G ) - * .  Clearly [6, p. 2161, ?rr.(H) I 1 if G is 
II*-passive, and -,rc.(H) < 1 if G is II.'-s and Ii--strictly passive. 
The proof that these properties still hold if local gains and local 
passivity are considered (instead of "global" ones) is straightforward. 
Therefore, by a standard scheme equivalence [6] and by Theorem 3, 
one obtains the following result. 

Theorem 4: Let us consider the standard closed-loop system in 
Fig. 1, where G1 and Gz: + Ti-: are such that this closed- 
loop system is well posed. If G1 is locally II--passive and if GZ is 
I-IIVs and locally strictly TI'-passive, then this closed-loop system 
is I-TI--s. 

The following result is obvious. 
Proposition 7: Let G: i IT-(" be a LTI operator; then G is 

locally (strictly) IIT-passive iff G is (strictly) JI--passive, and this 
condition is satisfied if G is (strictly) L2-passive. 

Therefore, the II--passivity or the strict Il--passivity of a LTI 
operator can be analyzed in the frequency domain [6]. 

Let us now consider the case of a nonlinear memoryless time- 
invariant operator G .  defined as 

( G u ) ( t )  = @ ( u ( t ) ) .  V t 2 0 (12) 

6Hence an operator G: IT-" i \ I - "  is locally I.l--passive iff 
inf ,>o  i n f ~ l < ~ ~ t , ~ ~ t t . < z  < U. G U  2 11. 2 0 (by causality [19]). 
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where 9:0 + W” (0 denoting some open neighborhood of zero 
in W”) is a C1 function such that 9(0) = 0, and where U is any 
function in W,“, taking its values in 0. Let p ( . )  denote the usual 
matrix measure [17], [6], i.e., for any matrix A E C n X n ,  p(A) = 
Amax (A + A*)/2. 

Proposition 8: Assume that p ( - - & 9 ( 0 ) )  < 0; then, G is locally 
strictly W-passive. 

Proof: Let p > 0 be such that the ball B, = { U :  1Ju11 < p }  
is included in 0; there exists a function a: pp + W” such that 
a(.) tends to zero as u tends to zero and @(U) = a,@(O)u + 
a(u)11u11 if 1 1 ~ 1 1  < p. Let 0 = -p( -&9(0))  > 0; as &9 is 
continuous, there exists E E ( O , p ]  such that Ila(u)II < p /2  and 
Lf(a,@(u) - &9(0)) < a / 2  if llull < E. Hence, for IIulI < E ,  

one has -uT9(u) - vT&@(u)v I -(/3/2)(11~11~ + ll.~11~), for any 
vector v in W”; therefore (by Proposition 1) if u E W,“ is such that 
V T  > 0. I Iu l lw,~ < E ,  one has - ( ~ , G u ) w , T  I - (3 /2 ) ( l l u l lw ,~ )~ .  

Remark 5: Assume that G is time-varying, i.e., satisfies (4), where 
9 satisfies the conditions of Proposition 4. Generalizing the above 
rationale, it easy to prove that G is locally strictly W-passive if 
i) inft>o{-p[-du@(t,O)]} = 5 > 0 and ii) 0 < 26, where 3 is 
defined by (7). 

Example 2: Let G I  be the LTI operator with transfer function 
l + a e - b T S + T s ,  la1 < 1, b > 0, T > 0, and let G Z  be the operator G 
defined by (4), with 9(t ,  U )  = (h+l+cos ut) sin U ;  G I  is W-passive 
and GZ is 1-W-s and locally strictly W-passive if 0 2 w < 26 (by 
Remark 5); hence, by Theorem 4, the closed-loop system in Fig. 1 
is I-W’-s if the latter condition is satisfied. 

B. Local Sector Conditions 

Other standard loop transformations can be made to obtain local 
sector conditions for local W-stablity from Theorem 3 (see e.g., [17, 
Section 6.6.11). Let us consider the closed-loop system in Fig. 1 with 
n = m and assume that it is well posed. Let T and c be reals such 
that r is nonzero and ( I ,  + cG1 ) - I :  Wa + W,“ is well defined and 
causal. According to these standard transformations and to Theorem 
3, a sufficient condition for this closed-loop system to be locally 
W.-stable is 

Now, set a = c - T and b = c + T .  It is easy to prove that (13) 
is satisfied if 

De$nition 6: If condition (16) is satisfied, Gz is said to be locally 
strictly inside the W-sector [a, b]. 

In case where G I  is a LTI operator with transfer matrix G1, 
one has ( ( I n  + aGl)u, (In  + bG1)u)w.T 2 0 if ((I, + aG1)u, 
( In  + ~ G I ) u ) z , T  2 0; therefore, in the case n = 1, condition 
(15) can be transformed into a “circle condition” for GI  [20]; a 
multivariable version of this condition can also be formulated, a and 
b being matrices, or even LTI operators satisfying some additional 
conditions [13], [12]. 
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Now, let us consider the case where Gz is a nonlinear memoryless 
time-invariant operator of the form (12), where 9:0 + R“ (0 
denoting some open neighborhood of zero in R“) is a C1 function 
such that 9(0) = 0. It is easy to prove that Gz is locally strictly 
inside the W-sector [a, b] if 

The time-varying case can also be considered (like in Remark 5), but 
is slightly more complicated. 

Example 3: Consider the closed-loop system in Fig. 1, where G 1  
is the LTI operator with transfer function G1 (s) = + &][1+ 
e-O.ls - - & ]  and where GZ is an operator of the form (12), where 
@ ( U )  = IC tg u , k  being any real such that a < k < b, with 
a = 0.667 and b = 0.95. The Nyquist plot of Gl(iw) does not 
intersect the interior of the disk D (a, b) , centered on the real axis and 
whose circumference passes through the two points - l / a  and - l / b ;  
moreover, this plot encircles D ( a ,  b) one time in the counterclockwise 
sense (and note that this number is equal to the number of poles of 
G1 (s) with strictly positive real part): see [ 17, Section 6.6, Example 
561. Now, G Z  is locally strictly inside the W-sector [a. b] .  Therefore, 
the closed-loop system is I-W-s. 

VII. CONCLUSION 
For several reasons, W-stability and local W-stability are useful in 

system theory. Roughly speaking, a system is 1-W-s if, when excited 
by a signal with small energy and filtered by a first order low-pass 
filter K,, its output, “filtered” by the inverse filter, is of small energy 
(Section II). Therefore, this type of stability is of significance in 
cases where disturbances, reference signals, etc., acting on the system 
can be considered as filtered signals (all signals are probably of this 
kind in practice). Moreover, W-stability and asymptotic stability are 
closely related in case of a minimal realization (Section IV). The 
local-W-gain of a time-invariant nonlinear system is nothing but the 
H ,  -norm of the transfer matrix of its linear approximation (Theorem 
l),  so this notion is clear. W-stability is well suited to formulate a 
useful local small gain theorem (Remark 4). 

An interesting possible application of the local stability results 
established in this paper is the robustness study of LTI systems 
perturbed by nonlinearities which are only locally bounded [5]. Local 
input-output stability results can also be obtained in the discrete-time 
case [2]. 
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vector norm )I . )I is defined by 

Detailed properties can be found in [2].  As in [I], let H denote the 
complex left-half plane divided by a line L ,  which intersects with the 
real axis at ( 0 . 0 )  and has an angle b’ with the imaginary axis, i.e., 

H = ( 2  = .r + j y  I y < a - ( t a n 0 ) s ) .  

The following theorem is the main result obtained by Wang and Lin 
[ll. 

Theorem 1: All the eigenvalues of the matrix ‘4 are located in the 
region H if 

where j = a. p p  denote the matrix measure induced by the 
p-norm and p = 1 or 2 or x. 

The following example illustrates the conservative nature of The- 
orem 1. 

M. Vidyasagar and A. Vannelli, “New relationships between input- 
output and Lyapunov stability,” IEEE Trans. Automat. Contr., vol. 
AC-27, pp. 481483,  1982. 
J .  C. Willems, The Anci1ysi.s of Feedback Systems. Cambridge, MA: 

G. Zames, “On the input-output stability of time.varying nonlinear 
feedback systems,” IEEE Truns. Automut. Contr., vol. AC-11, pp. 
228-238 (Part I ) ,  pp. 465476  (Part 11), 1966. 

Example 1: Choose H to be the left-half plane (i.e., 0 = 0 and 
0 = 0). Then Theorem 1 reduces to a stability test result. Let 

= (-’ ’). It is obvious that -4 is stable (or its eigenvalues 

are in H ) .  Theorem 1, however, cannot be used to test the stability 
of =1. In fact, according to Table I in [I], we have 

MIT Press, 1971. 0 -1 

p1(-4) = 1. / /2(-4)  = 0. / Ix( -4)  = 1 

thus the conditions in Theorem 1 can not be satisfied. 

following result. 
To overcome this problem, we generalize Theorem 1 to the 

The Analysis of Eigenvalue Assignment Robustness 

Yuguang Fang 

Abstract-In this short note, we have shown that the results obtained 
recently in [l] are conservative. A new generalization which can overcome 
such conservatism is presented. 

In [l], Wang and Lin studied the robust eigenvalue assignment 
for systems with parameter perturbations via matrix measures. They 
used three special matrix measures to obtain testable conditions for 
robust eigenvalue assignment. In this short note, we will show how 
conservative their results are and derive a new generalization which 
overcomes the conservative nature of their approach. 

To facilitate the discussion, we first give the general concept of a 
matrix measure. Let C“ ( R ” )  denote all ordered n-tuples of complex 
(real) numbers and C r Z x ”  ( R 7 L X ’ 1 )  represent the set of all 12 x 7 1  

matrices with complex (real) entries. Let )I . 1 1  be any vector norm 
on C” and ((d(l denote the matrix norm of A induced by the vector 
norm ( 1  . ( 1 ,  the corresponding matrix measure of A induced by the 
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Theorem 2: All the eigenvalues of the matrix A are located in the 
region H if there exists a matrix measure / L  such that 

To prove this, we only need the following property of a matrix 

Lemma: For any matrix measure p .  any complex number c and 
measure. 

any matrix -4. we have 

/ / ( - A  + c1)  = / / ( A )  + W e )  

where R( c )  denotes the real part of c. 

/ ( ( z A  + = 
to show that p (d + b j 1 )  = / i  ( A ) .  In fact 

Pro08 If c is complex, let c = R(c) + b j ,  then we have 
+ b j 1 )  + Re(c), where j = a. So it suffices 

J i T m q r  + 

m l ( 1  + *’All - 1 

.-I - l+;:02 A O ’ l l  - 1 
= lini 

O l O +  b’ 

= P(A)  0 
= lini 

O l O +  

where we have used the fact that, as b’ 1 0+. O/( 1 + b 2 B L )  1 0’. 
0 This completes the proof of Lemma. 
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